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PRIME-UNIVERSAL DIAGONAL QUADRATIC FORMS
JANGWON JU, DAEJUN KIM, KYOUNGMIN KIM, MINGYU KIM, AND
BYEONG-KWEON OH
Abstract. A (positive definite and integral) quadratic form is said to be
prime-universal if it represents all primes. Recently, Doyle and Williams in [2]
classified all prime-universal diagonal ternary quadratic forms, and all prime-
universal diagonal quaternary quadratic forms under two conjectures proposed
by themselves. In this article, we classify all prime-universal diagonal quadratic
forms regardless of ranks. Furthermore, we prove, so called, 67-Theorem for a
diagonal quadratic form to be prime-universal.
1. Introduction
A positive definite integral quadratic form
fpx1, x2, . . . , xnq “
nÿ
i,j“1
fijxixj pfij “ fji P Zq
is said to be prime-universal if for any prime p, the diophantine equation
fpx1, x2, . . . , xnq “ p
has an integer solution px1, x2, . . . , xnq P Z
n. There are many examples of prime-
universal quadratic forms. For example, any quadratic form that represents all
positive integers, which we call a universal quadratic form, is also prime-universal.
Hence by 15-Theorem given by Conway and Schneeberger (for this, see [1]), any
quadratic form that represents all integers less than or equal to 15 is universal,
which is also prime-universal. On the other hand, there are many prime-universal
quadratic forms that are not universal.
Recently, Doyle and Williams [2] classified all prime-universal diagonal ternary
quadratic forms, which are, in fact, not universal. Furthermore, they classified
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all prime-universal diagonal quaternary quadratic forms under the two conjectures
proposed by themselves.
In this article, we classify all prime-universal diagonal quadratic forms without
any assumption. Furthermore, we prove that a diagonal quadratic form is prime-
universal if and only if it represents
2, 3, 5, 7, 13, 17, 23, 41, 43, and 67.
Let f “
ř
fijxixj be a (positive definite integral) quadratic form. The symmet-
ric matrix corresponding to f is defined by Mf “ pfijq. If f is diagonal, then we
simply write
f “ xf11, f22, . . . , fnny.
Note that the symmetric matrix corresponding to a diagonal form is a diagonal
matrix. For a positive integer a, we say a is represented by f , denoted by a Ñ f ,
if the diophantine equation fpx1, . . . , xnq “ a has an integer solution px1, . . . , xnq P
Z
n. For a prime p, if it has a solution px1, . . . , xnq P Zp, where Zp is the p-adic
integer ring, then we say a is represented by f over Zp. Furthermore, if a is
represented by f over Zp for any prime p, then we say a is locally represented by
f . The set of all integers that are represented by f will be denoted by Qpfq. The
genus of f , denoted by genpfq, is the set of quadratic forms that are isometric to
f over Zp for any prime p. It is well known that an integer a is locally represented
by f if and only if there is a quadratic form g P genpfq that represents a. The set
of integers that are locally represented by f will be denoted by Qpgenpfqq.
Any unexplained notations and terminologies can be found in [4] or [7].
2. Prime-universal diagonal quaternary quadratic forms
In this section, we classify all prime-universal diagonal quaternary quadratic
forms. In [2], the authors classified all prime-universal diagonal quaternary qua-
dratic forms except for the following 27 forms:
(2.1)
x2, 3, 4, 5y, x2, 3, 4, 11y, x2, 3, 5, 5y, x2, 3, 5, 11y,
x2, 3, 5, 13y, x2, 3, 5, 14y, x2, 3, 5, 16y, x2, 3, 5, 17y,
x2, 3, 5, hy for h “ 20, . . . , 27, 29, . . . , 33, 35, 36, 38, 40, 41, 43.
Hence it suffices to prove the prime-universalities of these 27 diagonal forms.
In [3], [5], and [6], we developed a method that determines whether or not integers
in an arithmetic progression are represented by some particular ternary quadratic
form. We briefly introduce this method for those who are unfamiliar with it. Let d
be a positive integer and let a be a nonnegative integer pa ď dq. We define
Sd,a “ tdn` a | n P NY t0uu.
For two quadratic forms f and g, we define
Rpg, d, aq “ tv P pZ{dZq3 | vMgv
t ” a pmod dqu
and
Rpf, g, dq “ tT PM3pZq | T
tMfT “ d
2Mgu.
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A coset (or, a vector in the coset) v P Rpg, d, aq is said to be good with respect to
f, g, d, and a if there is a T P Rpf, g, dq such that 1
d
¨ vT t P Z3. The set of all good
vectors in Rpg, d, aq is denoted by Rf pg, d, aq. If Rpg, d, aq “ Rf pg, d, aq, we write
g ăd,a f.
If g ăd,a f , then by Lemma 2.2 of [5], we have
(2.2) Sd,a XQpgq Ă Qpfq.
In particular, if g ăd,a f for any g P genpfq, then we have QpgenpfqqXSd,a Ă Qpfq.
A MAPLE based computer program for computing the above sets is available
upon request to the authors.
Theorem 2.1. Both quaternary quadratic forms f “ x2, 3, 4, 5y and x2, 3, 4, 11y are
prime-universal.
Proof. Since the proofs are quite similar to each other, we only provide the proof
of the former case.
Note that the class number of g “ x2, 3, 4y is 2, and its genus mate is x1, 2, 12y. If
an even integer is represented by x1, 2, 12y, then it is also represented by x4, 2, 12y,
which is a subform of g. Therefore Qpgenpgqq X 2Z Ă Qpgq, and consequently
g represents all nonnegative even integers except for those integers of the form
22s`1p8t` 5q for some nonnegative integers s and t.
Since one may directly check that p Ñ f for any prime p such that p ď 113, we
assume that p ě 127. Then, one may easily check that
p´ 5 ¨ d2 Ñ g,
where
d “
$’&
’’%
1 if p ” 1, 3 pmod 8q, p ” 7 pmod 16q, or p ” 21 pmod 64q,
5 if p ” 13, 45 pmod 64q,
3 otherwise.
This completes the proof. 
Theorem 2.2. For an integer α that is not divisible by 7 with 5 ď α ď 43, the
quaternary quadratic form f “ x2, 3, 5, αy listed in (2.1) is prime-universal.
Proof. Note that the class number of g “ x2, 3, 5y is 2, and its genus mate is
g1 “ x1, 1, 30y. One may easily check that
g1 ă7,0 g, g1 ă7,3 g, g1 ă7,5 g, and g1 ă7,6 g.
Therefore, for any a P t0, 3, 5, 6u, Qpgenpgqq X S7,a Ă Qpgq. Consequently, g rep-
resents all nonnegative integers that are not divisible by 3, and are congruent to
0, 3, 5, or 6 modulo 7.
Since one may directly check that p Ñ f for any prime p such that p ď 36α, we
assume that p ą 36α. If p is congruent to 3, 5, or 6 modulo 7, then p is represented
by g. Assume that p is congruent to 1, 2, or 4 modulo 7. Then, one may easily
check that
p´ α ¨ 32 ¨ d2 Ñ g,
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where
d “
#
1 if p´ 2α ” 0, 3, 5, or 6 pmod 7q,
2 otherwise.
This completes the proof. 
Theorem 2.3. The quaternary quadratic form f “ x2, 3, 5, 14y is prime-universal.
Proof. Note that the class number of g “ x2, 3, 14y is two and its genus mate is
g1 “
¨
˝1 0 00 10 4
0 4 10
˛
‚.
One may easily check that
g1 ă8,3 g, g1 ă32,12 g and g1 ă32,16 g.
Thus if we put
A “ tm P N : m ” 3 pmod 8q or m ” 12 pmod 32q or m ” 16 pmod 32qu ,
then we have Qpgenpgqq X A Ă Qpgq. Consequently, g represents all integers in A
except for those of the form 32s`1p3t ` 2q for some nonnegative integers s and t.
One may check directly that p Ñ g for any prime p ă 2207. Thus we assume that
p is a prime greater than or equal to 2207. If we define
d “
$’’’’’’’’’&
’’’’’’’’’’%
0 if p ” 3 pmod 8q,
1 if p ” 25 or 29 pmod 32q,
2 if p ” 7 pmod 8q,
3 if p ” 1 or 5 pmod 32q,
5 if p ” 17 or 21 pmod 32q,
7 if p ” 9 or 13 pmod 32q,
then one may easily check that
n “ p´ 5 ¨ 32 ¨ d2 P A and n ı 0 pmod 3q.
Thus we have n Ñ g, which completes the proof. 
Theorem 2.4. The quaternary quadratic form f “ x2, 3, 5, 21y is prime-universal.
Proof. One may check directly that f represents all primes less than 88211. Thus
we assume that p is a prime greater than or equal to 88211. Note that the class
number of g “ x3, 5, 21y is three and its genus mates are
g1 “
¨
˝5 0 00 6 3
0 3 12
˛
‚ and g2 “
¨
˝2 1 01 8 0
0 0 21
˛
‚.
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One may easily show that any positive integer m which is congruent to 2 modulo
3 and relatively prime to 35 is represented by the genus of g. If we define
d “
$’’’’&
’’’’%
2 if p ” 1 pmod 12q,
6 if p ” 5 pmod 12q,
1 if p ” 7 pmod 12q,
3 if p ” 11 pmod 12q,
and
n “ p´ 2 ¨ 352 ¨ d2,
then one may easily check that n is a positive integer congruent to 5 modulo 12
and is relatively prime to 35. Thus we have
n ” 1 pmod 4q and n Ñ genpgq.
Hence the integer n is represented by a quadratic form in the genus of g. Suppose
that n Ñ g1. Then there is a vector px, y, zq P Z
3 such that
n “ 5x2 ` 6y2 ` 12z2 ` 6yz.
Since n ” 1 pmod 4q, we have either y ” 0 pmod 2q or yz ” 1 pmod 2q. If y “ 2y1
for some y1 P Z, then we have
n “ 5x2 ` 24y12 ` 12z2 ` 12y1z
“ 3py1 ` 2zq2 ` 5x2 ` 21y12
which means that n Ñ g. If yz ” 1 pmod 2q, then we may write y “ z´ 2y1. Then
we have
n “ 5x2 ` 6pz ´ 2y1q2 ` 12z2 ` 6pz ´ 2y1qz
“ 5x2 ` 24y12 ` 24z2 ´ 36y1z
“ 3py1 ` zq2 ` 5y2 ` 21py1 ´ zq2
and thus n Ñ g. Similarly, one may show that the supposition n Ñ g2 also implies
that n Ñ g. This completes the proof. 
Theorem 2.5. The quaternary quadratic form f “ x2, 3, 5, 35y is prime-universal.
Proof. One may directly check that f represents all primes less than 596243. Thus
we assume that p is a prime greater than or equal to 596243. Note that the class
number of g is three and its genus mates are
g1 “
¨
˝3 0 00 10 5
0 5 20
˛
‚ and g2 “
¨
˝2 1 01 8 0
0 0 35
˛
‚.
One may easily show that any positive integer m which is congruent to 2 or 3
modulo 5, and is relatively prime to 21 is represented by the genus of g. If we
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define
d “
$’’’’’’’’’&
’’’’’’’’’%
13 if p ” 1 pmod 20q,
10 if p ” 3 or 7 pmod 20q,
1 if p ” 9 pmod 20q,
2 if p ” 11 pmod 20q,
5 if p ” 13 or 17 pmod 20q,
26 if p ” 19 pmod 20q,
and n “ p´ 2 ¨ 212 ¨ d2,
then one may easily check that
n ” 3 pmod 4q, n Ñ genpgq.
For each i “ 1, 2, one may easily show that any positive integer m represented by
gi which is congruent to 3 modulo 4 is also represented by g as in the proof of
Theorem 2.4. Therefore we have n Ñ g, which implies that p Ñ f . 
3. Higher dimensional prime-universal diagonal quadratic forms
A prime-universal diagonal quadratic form is called proper if there does not exist
a prime-universal diagonal subform whose rank is less than the rank of it. Note that
to find all prime-universal diagonal quadratic forms, it suffices to find all proper
ones. In this section, we classify all proper prime-universal diagonal quadratic forms
with ranks greater than 4.
If a diagonal quadratic form f fails to represent a prime, we call the smallest
prime not represented by f its prime truant.
According to the results in [2], there are no prime-universal diagonal binary qua-
dratic forms, and there are five proper prime-universal diagonal ternary quadratic
forms, namely,
x1, 1, 2y, x1, 1, 3y, x1, 2, 3y, x1, 2, 4y, and x1, 2, 5y.
Moreover, as proved in the previous section, all prime-universal diagonal quaternary
quadratic forms with minimum greater than 1 are listed in Table 1 of [2]. Therefore,
it suffices to classify all proper prime-universal diagonal quadratic forms with rank
greater than or equal to 5, which are, in fact, listed in Table 1.
Theorem 3.1. Every diagonal quadratic form in Table 1 is, in fact, proper prime-
universal.
We will prove Theorem 3.1 at the end of this section. Assuming that Theorem
3.1 is proved, we first prove the following theorem, which guarantees that Table
1 is the complete list of proper prime-universal diagonal quadratic forms of rank
greater than or equal to 5.
Theorem 3.2. Let f be a proper prime-universal diagonal quadratic form with
rank greater than or equal to 5. Then f is isometric to one of the quadratic forms
listed in Table 1.
PRIME-UNIVERSAL DIAGONAL QUADRATIC FORMS 7
Table 1. Proper prime-universal forms xa1, a2, . . . , aky p5 ď k ď 6q
a1 a2 a3 a4 a5 a6 Conditions on ak p5 ď k ď 6q
2 2 2 2 3
2 2 2 3 a5 a5 “ 8, 11, 17
2 2 3 8 17
2 2 3 11 17
2 2 3 16 17
2 2 3 17 a5 17 ď a5 ď 41, a5 ‰ 26, 32, 35, 40
2 3 3 3 4
2 3 3 4 a5 a5 “ 4, 6, 10, 13
2 3 4 4 a5 4 ď a5 ď 17, a5 ‰ 5, 8, 9, 11, 16
2 3 4 6 a5 6 ď a5 ď 23, a5 ‰ 8, 9, 11, 22
2 3 4 7 a5 7 ď a5 ď 17, a5 ‰ 8, 9, 11, 16
2 3 4 10 a5 10 ď a5 ď 23, a5 ‰ 11, 22
2 3 4 12 13
2 3 4 13 a5 13 ď a5 ď 23, a5 ‰ 13, 22
2 3 5 7 a5 a5 “ 7, 19, 28, 34
2 3 5 19 19
2 3 6 6 7
2 3 6 7 a5 7 ď a5 ď 23, a5 ‰ 8, 19, 20, 22
2 3 6 7 19 20
2 3 6 7 20 a6 20 ď a6 ď 67, a6 ‰ 21, 23, 63, 66
2 3 7 7 a5 7 ď a5 ď 13, a5 ‰ 7, 8, 9, 10, 12
2 3 7 7 7 10
2 3 7 9 a5 9 ď a5 ď 13, a5 ‰ 9, 12
2 3 7 10 a5 10 ď a5 ď 23, a5 ‰ 17, 19, 22
2 3 7 11 a5 11 ď a5 ď 17, a5 ‰ 11, 13, 16
2 3 7 12 13
2 3 7 13 a5 13 ď a5 ď 17, a5 ‰ 13, 16
Proof. Let f “ xa1, a2, ¨ ¨ ¨ , any be a proper prime-universal diagonal quadratic
form, where ai’s are all integers such that 1 ď a1 ď ¨ ¨ ¨ ď an. For the sake
of convenience, we define fi “ xa1, . . . , aiy for each i with 1 ď i ď n. Since
we are assuming that f is proper, f4 should not be prime-universal. Following
the argument used in the proof of Theorem 1.3 of [2], one may easily obtain all
candidates of f4. After removing those forms that are already prime-universal
among all possible candidates, f4 is isometric to one of the followings:
(Case 1) x2, 2, 2, a4y where a4 “ 2, 3,
(Case 2) x2, 2, 3, a4y where a4 “ 8, 11, 16, 17,
(Case 3) x2, 3, 3, a4y where a4 “ 3, 4, 6,
(Case 4) x2, 3, 4, a4y where a4 “ 4, 6, 7, 10, 12, 13,
(Case 5) x2, 3, 5, a4y where a4 “ 7, 19, 28, 34, 37, 39, 42,
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and
(Case 6) x2, 3, 6, a4y where a4 “ 6, 7,
(Case 7) x2, 3, 7, a4y where a4 “ 7, 9, 10, 11, 12, 13.
Note that any diagonal form xa1, a2, a3, a4y listed in the above is not prime-
universal. Although what we have to check is different case by case, we repeat the
following process, starting from i “ 5:
Let p be the prime truant of fi´1 “ xa1, . . . , ai´1y. Since f is prime-universal,
it should represent p. Hence we have ai´1 ď ai ď p. For each integer a with
ai´1 ď a ď p, it is possible that
(I) The form gi “ gi,a :“ xa1, . . . , ai´1, ay is prime-universal, and either
(I-1) gi is proper, or
(I-2) gi is not proper.
(II) The form gi is not prime-universal, and either
(II-1) gi fails to represent another prime p
1 greater than p, or
(II-2) gi still fails to represent the prime p.
Note that any prime-universal form contain a proper prime-universal form as its
subform, one may use Table 1 given above and Table 1 of [2] to check the prime-
universality of gi as well as its properness.
If (I-1) happens, then one may easily check that gi is listed in Table 1 and hence
the theorem is proved. If (I-2) happens, then one may easily find a proper subform
of gi which is listed in Table 1.
If (II) happens, we increase i by 1 and repeat the process. In particular, if
(II-2) happens, then one might come across the following situation: any diagonal
quadratic form xa1, . . . , ai´1, a, . . . , ay fails to represent p, no matter how many
times the integer a is repeated. Even if it happens, the equation
a1x
2
1 ` ¨ ¨ ¨ ` ai´1x
2
i´1 ` aix
2
i ` ¨ ¨ ¨ ` anx
2
n “ p
has an integer solution, for f represents the prime p. Therefore there is an integer b
with a ă b ď p such that xa1, . . . , ai, a, by represents p. Now, we repeat the process
from the diagonal quadratic form
xa1, . . . , ai,
s-timeshkkk kkkj
a, . . . , a, by
for each s ě 1. From (Case 1) to (Case 7) given above, one may check that this
process terminates in a finite step. Since the proofs of all cases are quite similar to
each other, we provide the proofs of (Case 2) and (Case 6).
(Case 2) f4 “ x2, 2, 3, a4y with a4 “ 8, 11, 16, 17.
First, we consider the case when f4 “ x2, 2, 3, 8y. Since the prime truant of f4
is 17, we have 8 ď a5 ď 17. For each a “ 9, 10, 12, 13, 14, 15, the form x2, 2, 3, ay
is already prime-universal, and hence f is not proper if ai “ a for some i ě 5.
Therefore, we may assume that
ai P t8, 11, 16, 17u or ai ě 18
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for any i ě 5. If ai ‰ 17 for any i ě 5, then the diagonal quadratic form
x2, 2, 3, 8, a5 . . . , any does not represent 17. Therefore ai “ 17 for some i. Since
x2, 2, 3, 8, 17y is prime-universal, the only proper prime-universal diagonal quadratic
form f with f4 “ x2, 2, 3, 8y is x2, 2, 3, 8, 17y. One may similarly prove the case when
a4 “ 11, 16.
Next, we consider the case when f4 “ x2, 2, 3, 17y. Note that the prime truant
of x2, 2, 3, 17y is 41, and hence we have 17 ď a5 ď 41. Since x2, 2, 3, 17y does not
represent 1, 6, 9, 15, 41, f represents 41 if and only if
ai P A “ t17 ď a ď 41 : a ‰ 26, 32, 35, 40u
for some i ě 5. Furthermore, one may easily check by using Table 1 that any
quadratic form x2, 2, 3, 17, a5y with a5 P A is proper prime-universal.
(Case 6) f4 “ x2, 3, 6, a4y with a4 “ 6, 7.
First, we consider the case when f4 “ x2, 3, 6, 6y. Note that the prime truant of
f4 is 7, and f can represent 7 if and only if ai “ 7 for some i ě 5. Also, note that
x2, 3, 6, 6, 7y is prime-universal, whereas x2, 3, 6, 7y does not represent 23.
Next, we consider the case when f4 “ x2, 3, 6, 7y. Since the prime truant of f4 is
23, we have 7 ď a5 ď 23. Note that every form x2, 3, 6, 7, a5y with 7 ď a5 ď 23 and
a5 ‰ 19, 20, 22 is proper prime-universal. On the other hand, the prime truants of
x2, 3, 6, 7, 19y, x2, 3, 6, 7, 20y, and x2, 3, 6, 7, 22y are 23, 67, and 23, respectively.
Now, assume that a5 “ 19. If ai P t21, 23u for some i ě 6, then f is prime-
universal but not proper. Since x2, 3, 6, 7, 19y does not represent integers 1, 4, 23, f
can represent 23 if and only if ai “ 20 for some i ě 6. Note that x2, 3, 6, 7, 19, 20y
is proper prime-universal. Therefore, the only proper prime-universal diagonal
quadratic form f with f5 “ x2, 3, 6, 7, 19y is x2, 3, 6, 7, 19, 20y.
Next, assume that a5 “ 20. Since the prime truant of x2, 3, 6, 7, 20y is 67, we
have 20 ď a6 ď 67. Note that x2, 3, 6, 7, 20, a6y with 20 ď a6 ď 67 and a6 ‰ 63, 66
is proper prime-universal, and f “ x2, 3, 6, 7, 20, t63 or 66u, a7, ¨ ¨ ¨y can represent
67 if and only if ai “ 64, 65, 67 or ai “ 67, respectively, for some i ě 7. However,
since x2, 3, 6, 7, 20, ay with a “ 64, 65, or 67 is already prime-universal, any prime-
universal form x2, 3, 6, 7, 20, t63 or 66u, a7, ¨ ¨ ¨y is not proper.
Finally, assume that a5 “ 22. Since f5 “ x2, 3, 6, 7, 22y does not represent 23,
ai “ 23 for some i ě 6. Note that x2, 3, 6, 7, 23y is proper prime-universal. 
Theorem 3.3. The quadratic form f “ x2, 2, 2, 3y represents all primes but not
17. Hence, the quadratic forms x2, 2, 2, 2, 3y, and x2, 2, 2, 3, a5y with 3 ď a5 ď 17
and a5 ‰ 16 are prime-universal.
Proof. Note that the class number of g “ x2, 2, 2y is 1. ThereforeQpgenpgqq “ Qpgq,
and consequently g represents all nonnegative even integers except for those of the
form 4sp16t` 14q for some nonnegative integers s and t.
Since one may directly check that p Ñ f for any prime p such that p ď 73 except
for 17, we assume that p ě 79. Then, one may easily check that
p´ 3 ¨ d2 Ñ g,
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where
d “
$’’&
’’%
5 if p ” 27 pmod 32q,
3 if p ” 1, 3, 17 pmod 12q,
1 otherwise.
Therefore, p Ñ f . Now, the proof of the last assertion is straight forward. 
Theorem 3.4. The quadratic form f “ x2, 2, 3, 17y represents all primes but not 41.
Hence, the quadratic forms x2, 2, 3, a4, 17y with a4 “ 8, 11, 16, and x2, 2, 3, 17, a5y
with 17 ď a5 ď 41 and a5 ‰ 26, 32, 35, 40 are prime-universal.
Proof. Note that the class number of g “ x2, 2, 3y is 1. ThereforeQpgenpgqq “ Qpgq,
and consequently g represents all nonnegative integers except for those of the forms
8t` 1 and 9sp9t` 6q for some nonnegative integers s and t.
Since one may directly check that p Ñ f for any prime p such that p ď 607
except for 41, we assume that p ě 613. Then, one may easily check that
p´ 17 ¨ 62 Ñ g.
Therefore, p Ñ f . Now, the proof of the last assertion is straight forward. 
Theorem 3.5. The quadratic form f “ x2, 3, 3, 4y represents all primes but not
13. Hence, the quadratic forms x2, 3, 3, 3, 4y and x2, 3, 3, 4, a5y with 4 ď a5 ď 13
and a5 ‰ 12 are prime-universal.
Proof. Note that the class number of g “ x2, 3, 3y is 1. ThereforeQpgenpgqq “ Qpgq,
and consequently g represents all nonnegative integers except for those of the form
9sp3t` 1q for some nonnegative integers s and t.
Since one may directly check that p Ñ f for any prime p such that p ď 13 except
13, we assume that p ě 17. Then, one may easily check that
p´ 4 ¨ d2 Ñ g,
where
d “
#
1 if p ” 1, 7 pmod 9q,
2 if p ” 4 pmod 9q.
Therefore, p Ñ f . Now, the proof of the last assertion is straight forward. 
Theorem 3.6. The quadratic forms
x2, 3, 4, 4y, x2, 3, 4, 7y represents all primes but not 17,
x2, 3, 4, 6y, x2, 3, 4, 10y, x2, 3, 4, 13y represents all primes but not 23,
x2, 3, 4, 12y represents all primes but not 13.
Hence, all quadratic forms of the form x2, 3, 4, a4, a5y listed in Table 1 are prime-
universal.
Proof. Let f be one of the six quaternary forms given above. Let
α “
$’’&
’’%
7 if f “ x2, 3, 4, 7y,
13 if f “ x2, 3, 4, 13y,
3 otherwise,
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and let g be the ternary sub-form such that f “ g K xαy. Note that g represents
all even integers except for those of the form$’’’’&
’’’’%
4sp16t` 10q if g “ x2, 3, 4y or x2, 4, 12y,
4sp16t` 14q if g “ x2, 4, 4y,
4sp32t` 20q if g “ x2, 4, 6y,
25sp50t` t20 or 30uq if g “ x2, 4, 10y.
For the proof of the case when g “ x2, 3, 4y, see the proof of Theorem 2.1, and for
all the other cases, note that the class number of g is 1.
Since one may directly check that p Ñ f for any prime p such that p ď 317
except for the only one prime given above, we assume that p ě 331. Then one may
easily check that
p´ α ¨ d2 Ñ g,
where
d “
#
5 if ℓ “ x2, 4, 10y,
1, 3, or 5 otherwise, defined according as the residue of p modulo 32,
Therefore, p Ñ f . Now, the proof of the last assertion is straight forward. 
Theorem 3.7. The quadratic form f “ x2, 3, 6, 7y represents all primes but not
23, 47, and 67. Hence, the quadratic forms
x2, 3, 6, 6, 7y, x2, 3, 6, 7, a5y, and x2, 3, 6, 7, a5, a6y
listed in Table 1 are prime-universal. Moreover, the quadratic forms
x2, 3, 6, 7, 19y, x2, 3, 6, 7, 22y represents all primes but not 23,
x2, 3, 6, 7, 20y represents all primes but not 67.
Proof. Note that the class number of g “ x2, 3, 6y is 1. Thus Qpgenpgqq “ Qpgq,
and consequently g represents all nonnegative integers except for those of the forms
4sp8t` 7q and 9sp3t` 1q for some nonnegative integers s and t.
Since one may directly check that p Ñ f for any prime p such that p ď 251
except for 23, 47, and 67, we assume that p ě 257. Then, one may easily check that
p´ 7 ¨ d2 Ñ g,
where
d “
$’’’’&
’’’’%
0 if p ” 5, 11, 17 pmod 24q,
2 if p ” 1, 7, 13 pmod 24q,
4 if p ” 19 pmod 24q,
6 if p ” 23 pmod 24q.
Therefore, p Ñ f . Now, the proof of the last assertion is straight forward. 
Theorem 3.8. The quadratic form x2, 3, 5, 19y represents all primes but not 43.
Hence, the quadratic form x2, 3, 5, 19, 19y is prime-universal. Moreover, the qua-
dratic forms x2, 3, 5, 7, a5y, x2, 3, 7, a4, a5y, and x2, 3, 7, 7, 7, 10y listed in Table 1 are
prime-universal.
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Proof. Since 19 is not divisible by 7, x2, 3, 5, 19y represents every prime p ě 36ˆ19 “
684 (see the proof of Theorem 2.2). One may easily check that x2, 3, 5, 19y represents
all primes less than 684 except for 43. Also, since x2, 3, 5, 19, 19y represents 43, it
is prime-universal.
Now, we prove “Moreover part” of the theorem. Let f “ x2, 3, 7, α, βy be one of
the quadratic forms that we should prove it is prime-universal. (for the quadratic
form x2, 3, 5, 7, a5y, we let α “ 5 and β “ a5, and we keep the senary quadratic form
x2, 3, 7, 7, 7, 10y in mind for a moment). Since one may easily check that p Ñ f for
any prime p such that p ď 13121, we assume that p ě 13127. Note that the class
number of g “ x2, 3, 7y is 3 and all isometric classes in the genus are
g “ x2, 3, 7y, g1 “ x1, 3, 14y and g2 “
¨
˝2 1 11 3 1
1 1 9
˛
‚.
Now, one may easily check that
g1 ă3,0 g, and g2 ă3,0 g.
Therefore, Qpgenpgqq X 3Z Ă Qpgq, and consequently g represents all nonnegative
odd integers that are multiple of 3. In the case when both α and β are not divisible
by 3, then one may easily check that
p´ α ¨ d2 ´ β ¨ e2 Ñ g
for some integers d, e P t0, 1, 2u. Therefore, p Ñ f “ x2, 3, 7, α, βy in this case, and
we may also have p Ñ x2, 3, 7, 7, 7, 10y.
Now, the remaining quadratic forms f under consideration are
x2, 3, 7, 9, βy with β “ 11, 13, x2, 3, 7, 10, βy with β “ 12, 15, 18, 21,
x2, 3, 7, 11, βy with β “ 12, 15, x2, 3, 7, 12, 13y, x2, 3, 7, 13, 15y.
One may check by a computer program that
g1 ă30,r g, and g2 ă30,r g
for any integer r in R30 “ t0, 2, 3, 6, 8, 9, 10, 12, 15, 18, 20, 21, 22, 24, 27, 28u. There-
fore, Qpgenpgqq X tm : m ” r pmod 30q for some r P R30u Ă g, and consequently g
represents all nonnegative integers in the set
M30 “ tm | m ı 0, 6, 22, 24 pmod 32q, m ” r pmod 30q for some r P R30u.
Using this, for each γ “ 9, 11, 13, 21, one may check that
p´ γ ¨ d2 Ñ g
for some 0 ď d ď 25, defined according as the residue of p modulo 32¨15. Therefore,
p Ñ x2, 3, 7, γy. This proves the prime-universality of f except for those with α “ 10
and β “ 12, 15, 18, namely,
x2, 3, 7, 10, 12y, x2, 3, 7, 10, 15y, and x2, 3, 7, 10, 18y.
To prove in these cases, one may check by a computer program that
g1 ă42,r g, and g2 ă42,r g
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for any r in R42 “ t0, 3, 6, 7, 9, 12, 14, 15, 18, 21, 24, 27, 28, 30, 33, 35, 36, 39u. There-
fore, Qpgenpgqq X tm : m ” r pmod 42q for some r P R42u Ă g, and consequently g
represents all nonnegative integers in the set
M42 “ tm | m ı 0, 6, 22, 24 pmod 32q, m ” r pmod 42q for some r P R42u.
Using this, for any α “ 10 and β “ 12, 15, 18, one may check that
n “ p´ α ¨ d2 ´ β ¨ e2 Ñ g
for some integers d P t0, 1, 2u and 0 ď e ď 6, defined according as the residue of p
modulo 32 ¨ 21. Therefore, n Ñ f in this case. This completes the proof. 
Remark 3.9. From the proof of Theorem 3.8, one may verify that
x2, 3, 7, 9y represents all primes but not 13, 97,
x2, 3, 7, 11y represents all primes but not 17,
x2, 3, 7, 13y represents all primes but not 17,
x2, 3, 10, 21y represents all primes but not 13, 17, 43, 47.
Now, we are ready to prove Theorem 3.1.
Proof of Theorem 3.1. The properness can be checked through a straight forward
calculation. The prime-universality of each diagonal quadratic form in Table 1
follows from Theorems 3.3-3.8. 
Corollary 3.10. Let f be a diagonal quadratic form and let
S :“ t2, 3, 5, 7, 13, 17, 23, 41, 43, 67u.
The diagonal quadratic form f represents every prime in S if and only if f is prime-
universal. Moreover, the set S is minimal in the sense that any proper subset of S
does not guarantee the prime-universality.
Proof. Note that if we repeat the proof of Theorem 3.2 under the assumption that
f represents all primes in S, we arrive at the same conclusion. Also, note that for
each prime p P S, some quadratic forms representing all primes except p are given
in Table 2. The representabilities of primes for each of the first four quadratic forms
x1, 3, 4y, x1, 1, 6y, x1, 2, 6, 10y, and x1, 1, 1, 9y in Table 2 can be proved as usual, since
the class number of each of the forms x1, 3, 4y, x1, 1, 6y, x1, 2, 6y, and x1, 1, 1y is 1.
Representabilities of primes for each of the other quadratic forms are proved in
Theorems 3.3-3.8 and Remark 3.9. Therefore, the set S is minimal. 
Remark 3.11. As pointed out by [2], Bhargava asserted that if any quadratic
form, which is not necessarily diagonal, represents
2, 3, 5, 7, 11, 13, 17, 23, 29, 31, 37, 41, 43, 67, 73,
then it is prime-universal. However, no proof of this has appeared in the literature
to the author’s knowledge.
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Table 2. Diagonal forms representing all primes but only one
f Exception of f
x1, 3, 4y 2
x1, 1, 6y 3
x1, 2, 6, 10y 5
x1, 1, 1, 9y 7
x2, 3, 3, 4y, x2, 3, 4, 12y 13
x2, 2, 2, 3y, x2, 3, 4, 4y, x2, 3, 4, 7y,
17
x2, 3, 7, 11y, x2, 3, 7, 13y
x2, 3, 4, 6y, x2, 3, 4, 10y, x2, 3, 4, 13y,
23
x2, 3, 6, 7, 19y, x2, 3, 6, 7, 22y
x2, 2, 3, 17y 41
x2, 3, 5, 19y 43
x2, 3, 6, 7, 20y 67
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